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Abstract: In this paper, we explore the thermodynamic properties of a black hole in the back-
ground of the generalized energy-momentum-squared gravity. We derive the energy density of
matter from the non-standard continuity equation and use it in our analysis. We consider two
types of models depending on the nature of coupling between curvature and matter and perform
thermodynamic analysis on them. The models are kept as generic as possible from the mathematical
point of view in order to gain a wide applicability of the work. All the thermodynamic parameters
are expressed in terms of the apparent horizon radius of the black hole and its time derivatives
and their time evolution are studied. By using heat capacity analysis and the evolution trend of
Helmholtz free energy the conditions for thermodynamic stability of the models are derived. It is
seen that our stability analysis considerably constrain the parameter space of the model.
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1 Introduction
During the last two decades, the study of cosmology have been centered around the fact that the rate
of expansion of the universe is actually accelerating [1, 2]. Since the accelerated expansion of the
universe is not an expected phenomenon, the community is bent on finding a proper reason for this.
From the research that have been already performed, it is seen that there can be a dual possibility
regarding the explanation of this acceleration phenomenon. The first possibility is the concept
of dark energy (DE), which aims at modifying the matter content of the universe by introducing
exotic components with negative pressure. It is expected that such components will violate the
energy conditions of the universe. A review on dark energy may be found in the ref.[3]. The other
possibility, which has been presented from time to time is the concept of modified gravity. Here
we actually introduce suitable modifications to the Einstein’s gravity so that the modified theory
incorporates the accelerated expansion of the universe. The reader is suggested to refer to [4–6]
for detailed information on modified gravity theories. It should be stated over here that both the
theories aim at modifying the Einstein’s equation of general relativity (GR) in their own ways.
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Moreover, dark energy and modified gravity can be shown to be equivalent to each other via proper
fine tuning.
The simplest and the most popular way of modifying the Einstein’s gravity is by replacing
the gravity Lagrangian LEH = R of the Einstein-Hilbert action by an analytical function of the
Ricci scalar, Lf(R) = f(R), thus giving rise to f(R) gravity. Using f(R) modifications to Einstein’s
gravity, we can explore the non-linear effects of the curvature of spacetime. Extensive reviews
on f(R) gravity can be found in Refs.[7, 8]. Further modifications can be affected in the gravity
Lagrangian by introducing an analytical function of Ricci scalar R and the matter Lagrangian Lm,
giving rise to f(R,Lm) gravity [9]. From such modifications, the contributions coming from the
matter part of the universe are also taken into account along with the higher order corrections of
the spacetime curvature. A speciality of these theories is that the particles experience an extra force
in the gravity well, in the direction orthogonal to the four-velocity. Moreover, due to this extra
force the particles undergo a non-geodesic motion. Further developments in f(R,Lm) theories can
be found in Refs.[10–12].
Narrowing down on these classes of theories Harko et al in [13] proposed the f(R, T ) theory
where the matter Lagrangian is given by the scalar T which represents the trace of the energy-
momentum tensor Tµν . Now replacing ordinary matter by a scalar field we get f(R, T
φ) theories
[13] where T φ is the trace of the energy momentum tensor of a scalar field φ. Further attempts
to generalize such theories resulted in the development of f(R, T,RµνT
µν) theories [14], where a
coupling between curvature and matter is called into play. From the Lagrangian it is seen that
contributions from contraction between the curvature tensor and the energy-momentum tensor also
comes into play. So the basic idea is to create new scalar invariants via contraction of tensors and
explore their effects on the dynamics of the universe. Following this path Katirci and Kavuk [15]
proposed the Energy-momentum-squared gravity (EMSG) where the gravity Lagrangian is given by
an analytic function f(R, TµνT
µν) containing the Ricci scalar and the contraction between energy
momentum tensors. This is a covariant generalization to GR where we allow a term proportional
to TµνT
µν to be present in the gravity Lagrangian.
Since its induction, the theory has received very good response and a fair amount of research
has been performed on EMSG. Cosmology in EMSG theory was studied in [16, 17]. Cosmological
bouncing scenario to avoid the singularity was studied by Roshan and Shojai in [18] using a par-
ticular model f(R, T 2) = R + ηT 2, where η is a constant representing the coupling parameter. A
dynamical system analysis in the background of EMSG was studied by Bahamonde et. al in [19]. A
generalization of EMSG has been achieved via the energy-momentum-powered gravity (EMPG) by
the authors of the refs.[16, 20]. In this theory they have introduced the model f(R, T 2) = R+η(T 2)n
where η is the coupling parameter and n is the power parameter. Observational data from neutron
stars have been used to constrain model parameters of EMSG by Akarsu et al in [21]. Matter worm-
hole solutions have been explored in the background of EMSG in [22]. Other important studies in
EMSG gravity can be found in ref.[23, 24]. Continuing the journey of modifications Akarsu et. al
in [25] proposed the energy-momentum-Log gravity (EMLG), where a specific form of logarithmic
function f(TµνT
µν) = α ln(λTµνT
µν) is considered, α and λ being constants.
It was as late as the 1970s that scientists began to understand that there is a deep underlying
connection between thermodynamics and gravitation. The initial breakthrough in this topic was
achieved via black holes (BH). It was found that the area of the horizon of a BH is connected with
the entropy of the system. This presented a direct link between the geometry of the system with
thermodynamics. Motivated from this the initial form of thermodynamic studies were limited to
black hole thermodynamics [26]. It was shown in ref.[27] that the surface gravity of a BH is related to
the temperature, and it was also shown that these quantities satisfy the first law of thermodynamics
(FLT), δQ = Tds. Using this FLT and the properties of BH entropy the authors of [28] derived
the Einstein’s equation of GR. Friedmann equations were derived from the thermodynamic point of
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view by Cai and Kim in [29]. Using the Palatini formalism the laws of thermodynamics were studied
in the background of f(R) gravity in [30]. Thermodynamic prescription of cosmological horizons
in the background of f(T ) gravity was studied in ref.[31]. BH thermodynamics in the background
of various modified gravity theories using the FLRW spacetime was investigated in [32, 33]. The
authors of ref.[12] studied BH thermodynamics in the background of f(R,L) theories, where L
represents the matter Lagrangian density. The effects of coupling between matter and geometry
components of the universe is a very important aspect of modern cosmology and quite expectedly
thermodynamics is reasonably sensitive to such couplings. There is a clear indication of this in the
refs.[12, 32, 33].
In this work we would like to further develop the EMSG theory by performing a thermodynamic
study in its background. A thermodynamic analysis of any cosmological model is very important
as far as its viability as a successful model is concerned. Precisely any model which has an aim to
become a successful model of universe must satisfy the thermodynamic conditions of the universe.
We would also like to investigate various forms of coupling effects on the thermodynamic properties
of the model. So the motivation of the work is very straightforward and moreover this is probably
the first attempt towards studying BH thermodynamics in EMSG gravity. The paper is organized
as follows: In section II we have listed the basic equations of EMSG theory. Section III has
been dedicated to selection of specific models. In section IV a detailed thermodynamic study is
performed. Finally the paper ends with a discussion and conclusion in section V.
2 Basic equations of Energy-momentum squared gravity
The action of the energy-momentum-squared gravity model is written as [15, 16]
S =
1
2κ2
∫
d4x
√−gf(R,T2) + Sm, (2.1)
where f is a function depending on the square of the energy-momentum tensor T2 = T µνTµν and
the scalar curvature R. Here, κ2 = 8πG and Sm represents the action corresponding to the matter
component.
On varying the action 2.1 with respect to the metric gµν we arrive at the following field equations
RµνfR + gµνfR −∇µ∇νfR − 1
2
gµνf = κ
2Tµν − fT2Θµν , (2.2)
where  = ∇µ∇µ, fR = ∂f/∂R, fT2 = ∂f/∂T2 and
Θµν =
δ(T2)
δgµν
=
δ(TαβTαβ)
δgµν
= −2Lm
(
Tµν − 1
2
gµνT
)
− T Tµν + 2Tαµ Tνα − 4Tαβ
∂2Lm
∂gµν∂gαβ
, (2.3)
where T is the trace of the energy-momentum tensor. By taking covariant derivatives in the field
equation (2.2), one finds the following conservation equation
κ2∇µTµν = −1
2
gµν∇µf +∇µ(fT2Θµν) . (2.4)
As one can see from the above equation that the standard conservation equation ρ˙+3H (ρ+ p) = 0
does not hold for this theory. Instead we will get a non-standard continuity equation from the
above equation which will govern the properties of matter and the matter energy density of this
system. It should be noted here that this is a unique feature of this theory and occurs due to the
curvature-matter (squared form) coupling in the gravitational Lagrangian.
In the following, we will concentrate on the flat FLRW cosmology for this model whose metric
is described by
ds2 = −dt2 + a2(t)δikdxidxk, (2.5)
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where δik is the Kronecker delta and a(t) the scale factor representing the expansion of the universe.
Here we will consider that the matter content is described by a standard perfect fluid with the energy
momentum tensor given by, Tµν = (ρ+ p)uµuν + pgµν with uµ being the 4-velocity and ρ and p are
the energy density and the pressure of the fluid respectively. Using this energy-momentum tensor
we get T 2 = TµνT
µν = ρ2 + 3p2. Further, let us assume Lm = p which allows us to rewrite Θµν
defined in eqn. (2.3) as a quantity which does not depend on the function f , as given below [15, 16]
Θµν = −
(
ρ2 + 4pρ+ 3p2
)
uµuν . (2.6)
The modified FLRW equations which corresponds to this particular action are given by
−3fR
(
H˙ +H2
)
+
f
2
+ 3H ˙fR = κ
2
(
ρ+
1
κ2
fT2Θ
2
)
, (2.7)
−fR(H˙ + 3H2) + 1
2
f + f¨R + 2H ˙fR = −κ2p , (2.8)
where dots denote differentiation with respect to the cosmic time t,H = a˙/a is the Hubble parameter
and using Eq.2.6 the expression for Θ2 is calculated as,
Θ2 := ΘµνΘ
µν = ρ2 + 4pρ+ 3p2 (2.9)
The conservation equation (2.4) can be written as follows
κ2 [ρ˙+ 3H(ρ+ p)] = −Θ2f˙T2 − fT2
[
3HΘ2 +
d
dt
(
2ρp+
1
2
Θ2
)]
. (2.10)
Clearly as stated above the standard conservation equation does not hold in f(R,T2) cosmology
for an arbitrary function. The covariant divergence of the field equations produces non-zero terms
on the right hand side, thus leading to the modified continuity equation given above. If one chooses
f(R,T2) = f(R), all the terms on the RHS of the above equation are zero and the standard
conservation equation is recovered.
We can rewrite the modified FLRW equations in the standard form as,
3H2 = κ2ρeff = κ
2(ρ+ ρmodified) , (2.11)
3H2 + 2H˙ = −κ2peff = −κ2(p+ pmodified) , (2.12)
where we have defined the energy density and pressure for the EMSG modifications as
ρmodified = − 1
fR
[
ρ+
1
κ2
{
fT 2
(
ρ2 + 4pρ+ 3p2
)− f
2
− 3Hf˙R + 3H˙fR
}]
− ρ (2.13)
pmodified = −
[
1
fR
{
p+
1
κ2
(
f
2
+ f¨R + 2Hf˙R
)}
+
H˙
κ2
]
− p (2.14)
ρ and p are respectively the energy density and pressure of matter. It should be noted here that the
energy density and pressure contributions from the modified gravity can be considered equivalent to
the contributions from a dark energy component and so our aim is to consider non-exotic components
in the matter sector. This will facilitate a better understanding of the exotic nature of the modified
gravity. In the following, a standard barotropic equation of state will be assumed for the matter
fluid as given by,
p = wρ (2.15)
where w is the equation of state (EoS) parameter. Using this relation in Eq.2.9 one gets,
Θ2 = (1 + 4w + 3w2)ρ2 (2.16)
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Also the conservation equation (2.10) becomes
ρ˙+ 3H(w + 1)ρ = −fT2
[
3
(
3w2 + 4w + 1
)
Hρ2 +
(
3w2 + 8w + 1
)
ρρ˙
]
− (3w2 + 4w + 1) ρ2f˙T2 (2.17)
Finally we can define the effective equation of state (EOS) as,
weff =
peff
ρeff
=
wρ+ pmodified
ρ+ ρmodified
. (2.18)
In order to realize the late cosmic acceleration we should have weff < −1/3, which corresponds
to dark energy. Since we aim to consider the matter EoS, w ≥ −1/3 (non-exotic), then the role
of the EoS of modified gravity wmodified is so much more significant for realizing the accelerated
expansion of the universe, where we have considered wmodified =
pmodified
ρmodified
.
2.1 Integrating the continuity equation to determine the energy density of matter
Since the continuity equation given by Eq.2.17 is non-standard consisting of unorthodox terms in
the RHS, it is not a trivial task to integrate it for this model. The obvious reason being the non-
linear terms of ρ in the RHS of the equation, which makes it a non-linear differential equation.
The non-zero term on the right hand side of the modified continuity equation 2.17 poses a real
mathematical challenge for this operation. Here we would like to solve the continuity equation
in a model independent way and express the energy density parameter ρ in terms of the redshift
parameter z. We see that the conservation equation 2.17 is not integrable for any arbitrary value
of w by the known mathematical methods. This means that we will have to input numerical values
for w in the equation and check for solutions. From the work of Board et. al in [16] we see that
the equation is integrable for only w = −1/3 and w = −1. We know that w = −1 corresponds to
the ΛCDM cosmology and w < −1/3 indicates the boundary between the exotic and non-exotic
sectors. So from our perspective the solution corresponding to w = −1/3 is crucial. On solving
eqn.(2.17) for w = −1, we get two real solutions for the density parameter ρ given by,
ρ =
1
fT2
and ρ = C0 (2.19)
where C0 is a constant.
For w = −1/3 we get only one real value for ρ given by,
ρ = −
3W
[
4
3
{
−e−C1(fT2)3 (z + 1)6
}1/3]
4fT2
(2.20)
where W [y] is the Lambert W function, z is the redshift parameter and C1 is the constant of
integration. For the reader’s convenience we would like to provide a short mathematical definition
of the Lambert W function. Lambert W function returns the value x that solves the equation
y = xExp(x). (2.21)
Although the expressions of ρ for w = −1 are too trivial yet we will use the values of ρ obtained
for both w = −1,−1/3 for our further analysis. But it is to be noted that the solution generated
for w = −1/3 will be the one that we will expect to give us more interesting results. The reason is
straightforward and has already been discussed above. We should state here that due to the narrow
range of solution obtained for ρ our thermodynamic analysis may be constrained significantly. But
this is a property of the model and needs to be accepted given the limitations of our mathematical
capabilities. But we should state here that as far as cosmological implication is concerned our
solution is quite fine and ready to produce interesting results.
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3 Selection of Model
In literature some models of EMSG can be found which have shown promising results till now. In
Ref.[16] Board and Barrow considered a fairly generic model that gave promising results as far as
cosmology is concerned. The model is given by,
f(R, T 2) = R + η(T 2)n (3.1)
where η and n are constant parameters. This is a generalized form of EMSG known as energy-
momentum powered gravity (EMPG) [16]. Some solutions of this model with n = 1/2 and n = 1/4
have been discussed in Ref.[16]. In the EMPG model n > 1/2 corresponds to high energy densities
and thus compatible with early universe. n < 1/2 correspond to low energy densities and thus suit
the late universe. For n = 1 this reduces to the following special case used in Refs. [15, 18]
f(R, T 2) = R+ ηT 2 (3.2)
Using the same functional form a more generic model of EMSG was considered in Ref.[19] as given
below,
f(R, T 2) = αRn + β(T 2)m (3.3)
where α, β, n and m are all constants. In [19] another model of a different form was considered
given by,
f(R, T 2) = f0R
n(T 2)m (3.4)
where f0, n and m are constants. In Ref.[25] the authors have studied a special class of EMSG
models called the energy-momentum-log gravity (EMLG) which was characterized by the form
f(TµνT
µν) = α ln (λTµνT
µν). Here α is a constant and λ has dimensions inverse energy density
squared so that λTµνT
µν is dimensionless. This form has some specific advantageous features as
discussed in Ref.[25].
Motivated by all the above mentioned models, we proceed to consider some generic models for
the present study. Our idea is to consider some generic mathematical functions that will help us
explore the effects of the the scalar invariants R and T 2 and their coupling on the thermodynamic
properties. We will basically consider two different types of models and believe that all other models
will be some sub-classes of either of the two forms considered in the present study. In that sense
this work will have a far wider range compared to the other works.
3.1 Model-1: Minimal coupling between R and T 2
Here we will consider the models of the form: f(R, T 2) = f1(R) + f2(T
2), where f1(R) and f2(T
2)
are analytic functions of R and T 2 respectively. We can see that here the curvature R and the matter
component T 2 are coupled minimally in the additive sense. Now we may generate various toy models
by considering various functional forms for f1(R) and f2(T
2) along with coupling constants.
3.1.1 Submodel-1: f1(R) = α1R
n, f2(T
2) = α2(T
2)m
Here the model is given by,
f(R, T 2) = α1R
n + α2(T
2)m (3.5)
where α1, α2, n and m are constants. Here α1 and α2 act as coupling constants between the
geometric and matter sectors. This model is identical with the model given in Eq.3.3 [19]. This
model comprises of two power law forms, one each on R and T 2 combined together additively.
We call this model energy-momentum doubly powered gravity (EMDPG). This model will help
us explore the non-linear effects of the scalar invariants on the thermodynamic properties. For
α1 = n = 1, we get the model given in Eq.3.1. Moreover for α1 = n = m = 1, we get the model
given in Eq.3.2. The model reduces to GR for α1 = n = 1 and α2 = 0.
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3.1.2 Submodel-2: f1(R) = g1 exp (β1R), f2(T
2) = g2 exp (β2T
2)
Here the model becomes,
f(R, T 2) = g1 exp (β1R) + g2 exp (β2T
2) (3.6)
where g1, g2, β1 and β2 are constants. Here g1 and g2 act as coupling constants. As can be seen
from the model, here we have considered exponential forms for both R and T 2. We name this
model energy-momentum doubly exponential gravity (EMDEG). For g1 = 1, g2 = 0 and retaining
the linear terms from the Taylor series expansion of the first exponential we can realize GR from
this model.
3.2 Model-2: Non-minimal coupling between R and T 2
Here the model is characterized by f(R, T 2) = f1(R)+f2(R)f3(T
2), where f1(R), f2(R) are analytic
functions of R and f3(T
2) is an analytic function of T 2. This is our second form of the models which
will be considered in this study. In this form, two scalar invariants R and T 2 are non-minimally
coupled (NMC) to each other (multiplicative sense). Now we may construct various toy models by
considering specific functional forms for the analytic functions. Here we will consider one toy model
for our analysis as given below.
3.2.1 Submodel-1: f1(R) = α1R
n, f2(R) = α2R
m, f3(T
2) = (T 2)l
Here the model is given by,
f(R, T 2) = α1R
n + α2R
m(T 2)l (3.7)
where α1, n, α2, m and l are constants. Here α2 is the coupling parameter. For α1 = 0 we
get the model discussed in Eq.3.4. We name this model energy-momentum-triply-powered-gravity
(EMTPG). The model reduces to GR for α1 = n = 1 and α2 = 0. Investigating this model we will
try to understand the effects of non-minimal curvature matter coupling on the thermodynamics of
a BH.
4 Thermodynamics in EMSG
In this section we will study the thermodynamics of a black hole in the background of EMSG. Our
idea is to investigate various thermodynamic parameters for the toy models of EMSG as discussed
above. The basic aim of the study will be check the thermodynamic stability of the models and
thus constrain the parameter space in such as attempt. In order to study the thermodynamics of
the model we should first express the Ricci scalar in terms of the Hubble expansion parameter H
as given below[12],
R = 6(H˙ + 2H2). (4.1)
The Hubble expansion parameter can be written in terms of the apparent horizon of the black hole
as,
H = r−1A (4.2)
where rA is the radius of the apparent horizon of the BH. Therefore eqn.4.1 is reduced to the
following relation,
R =
6
r2A
|2− r˙A|. (4.3)
By using the following relation we can express the entropy of the system in terms of the apparent
horizon,
S =
AfR
4G
, (4.4)
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where
A = 4πr2A (4.5)
is apparent horizon area. Similarly the thermodynamic volume of the system may be given by,
V =
4
3
πr3A (4.6)
Moreover, using the surface gravity (κs) at the apparent horizon and the equation (4.2) one can
obtain the temperature of the apparent horizon as [34],
T¯ =
κs
2π
=
|1− r˙A2 |
2πrA
. (4.7)
Then, one can obtain specific heat at constant volume by using the following general formula,
CV = T¯
(
∂S
∂T¯
)
V
. (4.8)
CV is a very important quantity to study the model stability from thermodynamic point of view.
We know that if it is negative, then the system is said to be in an unstable phase, whereas positivity
of CV shows the stability of the system. Our main goal of this paper is to find time dependent
apparent horizon by using the thermodynamic rules. Then, we can use it to determine Hubble
expansion parameter and hence scale factor. Having scale factor we can study all cosmological
consequences. An important cosmological parameter is the deceleration parameter given by,
q = −(1 + H˙
H2
). (4.9)
Exploring its evolution for the interesting models described above will be a straightforward task
and by properly fine tuning the parameters we can realize the accelerated expansion of the universe.
The internal energy could be expressed as [12],
U = V ρeff (4.10)
and thermodynamical work can be given by,
W =
ρeff − peff
2
. (4.11)
Therefore, one can write the first law of thermodynamics as
T¯ dS = dU −WdV. (4.12)
Finally, the Helmholtz free energy is given by,
F = U − T¯ S. (4.13)
This is another parameter which is closely linked to the thermodynamic stability of a system. Above
we have reviewed the basic thermodynamic parameters that will be used in this study. Now we
will proceed to investigate the evolution of the above discussed parameters in the various EMSG
models separately.
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4.1 Thermodynamics in EMDPG model
For this model, using equation (3.5) we have,
fR = nα1R
n−1 (4.14)
and
fT2 = mα2(T
2)m−1 (4.15)
Using equation (4.14) in the relation (4.4) one can obtain the entropy of the system as,
S =
nπα1
G
r2A
[
2|2− r˙A|
r2A
]n−1
(4.16)
Then, using the equations (4.7), (4.8) and (4.16) one can obtain the specific heat as,
CV =
nπα1
G
[
2|2− r˙A|
r2A
]n−1
(n− 1)rAr¨A + 2(n− 2)r˙A|2− r˙A|
rAr¨A − r˙2A + 2r˙A
(4.17)
As we know that in order to have a stable model we should have CV ≥ 0. It will be the case if the
following conditions are satisfied simultaneously,
(n− 1)rAr¨A + 2(n− 2)r˙A|2− r˙A| ≥ 0
rAr¨A − r˙2A + 2r˙A ≥ 0 (4.18)
From the second condition we get, rA ≤ Aeγt +B, where equality holds for γB = −2 (A, B and γ
are some constants). We can consider A and γ as positive constants, while B = − 2γ is a negative
constant. Therefore, we introduce a small constant ε (0 < ε < 1) and choose the following solution
from the above obtained condition,
rA = ε(Ae
γt − 2
γ
) (4.19)
In that case, the denominator of (4.17) is positive. But, numerator of (4.17) i.e., the first condition
of (4.18) yields,
(n− 1)ε(Aγeγt − 2) + 2(n− 2)|2− εAγeγt| ≥ 0. (4.20)
This equation tells that relatively smaller values of n (n < 2.5 with our selected model parameters)
yields partly stable model. In fact stability is exhibited at the late time and the model is unstable
initially. Initial instability may be attributed to the particle creation process and phase transition
era. It means that the EMDPG model is initially in an unstable phase which transits to the stable
phase in late time. Obviously these time limits depend on the values of the model parameters
γ and ε, and by proper fine tuning we may alter these limits as desired keeping an eye on the
observational data. Finally, we find that for the case of n > 2.5, the model is completely stable.
These are illustrated in Fig.1(a), where the typical behavior of the specific heat at constant volume
is represented.
There is also another possibility which is represented in Fig.1(b). It is obtained if both the
conditions of (4.18) is negative. The result is again similar to (4.19) where ε > 1. From Fig.1(b)
we can see that this yields an unstable model at the late time (present epoch). So we are justified
in ignoring such a possibility.
Therefore, by using the equations (4.2) and (4.19) we can obtain the cosmological scale factor
as,
a(t) = a0
(
Aγ − 2e−γt) 12ε . (4.21)
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Figure 1. Specific heat of the EMDPG model in terms of time t in unit of G. The initial conditions are
taken as A = α1 = 1, and γ = 0.4. Here fig.1(a) is for 0 < ε < 1; and fig 1(b) is for ε > 1.
Hence, by using the equation (4.9) we can obtain,
q = −1 + εAγeγt. (4.22)
In order to continue our thermodynamic analysis we need to include the expressions for energy
density ρeff and pressure peff respectively from (2.13) and (2.14). We can see from section 2.1
that we have two different cases of w = −1 and w = − 13 where we may find values for energy
densities and pressure for the EMSG model. We will study the two cases separately.
4.1.1 Case I : w = −1
Using the relation (4.15) in the first solution given by (2.19) confirms the second one which is a
constant as follow,
ρ =
( mα2
41−m
) 1
1−2m ≡ C01 ≡ C0 (4.23)
and hence,
p = −C01 ≡ −C0 (4.24)
Our numerical analysis show that the first law of thermodynamics for this model is satisfied at
the initial times if we choose small values for A and C01. In the case of A = 0 the first law of
thermodynamics is satisfied completely. We find that weff yields a negative unity at the late time
corresponding to ΛCDM era. By using the equation (4.13) we can obtain Helmholtz free energy
as following,
F = −Anα1γε(Aγe
γt − 2)̺n1
32πG
− 4πγ
3ε3(Aγeγt − 2)3̺11
3nα1̺
n−1
1
, (4.25)
where ̺1 and ̺11 defined in the appendix section. In the Fig. 2 we can see typical behavior of the
Helmholtz free energy for the EMDPG model with w = −1. We find that the cases of m = 0.5 and
m = 2 have similar behaviour. We can see a local minimum at the late time which may correspond
to the model stability at the late time. However, in this epoch the first law of thermodynamics is
not satisfied and hence there is a confusion regarding stability in this phase. So we are motivated
to explore other models, but before that we consider briefly the case with w = − 13 for this model.
– 10 –
Figure 2. Helmholtz free energy of the EMDPG model with respect to time t for with w = −1 in unit of
G. The initial conditions are taken as α1 = α2 = 1, A = 0.1, γ = 0.4 and ε = 0.5.
4.1.2 Case II : w = − 13
Using the relation (4.15) in the solution given by (2.20) one can obtain,
a =
[
ρ3e3mα2(
4
3 )
mρ2m−1−C1
]
−
1
6
(4.26)
or
z =
[
ρ3e3mα2(
4
3 )
mρ2m−1−C1
] 1
6 − 1 (4.27)
It yields the following equation,
H =
1
rA
=
(
3mα2(
4
3 )
m(m− 12 )ρ2m−1 − 32
)
ρ˙
3ρ
(4.28)
Hence, we have the apparent horizon radius in terms of ρ and its derivative. In order to have
analytical solutions we consider special case of m = 12 , (which was physically identical to the case
of m = 2 in the previous case), following which we can write,
ρ =
ρ0
a2
(4.29)
where
ρ0 =
[
e
3
2α2
√
4
3−C1
]
−
1
3
, (4.30)
is a constant. It is clear that increasing time, increases scale factor and decreases density. Then,
using (4.21) we can obtain time dependent energy density.
By using the equation (4.13) we can obtain Helmholtz free energy as,
F = −Anα1γε(Aγe
γt − 2)̺n1
32πG
− 4πγ
3ε3(Aγeγt − 2)3̺12
3nα1̺
n−1
1
, (4.31)
where ̺1 and ̺12 are defined in appendix. In the Fig.3 we have obtained the typical behavior of the
Helmholtz free energy and see the occurrence of a minimum which may be a sign of model stability.
We find that this model satisfies the first law of thermodynamics at both the early and late
times. But there is an intermediate era where the first law of thermodynamics is violated for a short
Figure 3. Typical behavior of the Helmholtz free energy for the EMDPG model with w = − 1
3
in unit of
G against time t. The parameters are considered as m = 2, α1 = α2 = 1, A = 0.1, γ = 0.4, ε = 0.5 and
unit value for other constant.
period of time. It may correspond to the time of structure formation. In order to demonstrate it
by numerical analysis, we rewrite (4.12) as follows,
X ≡ T¯ dS − dU +WdV. (4.32)
Then we see the evolution of X versus time t as represented in Fig.4. From our construction of
eq.4.32 we see that when X = 0 then the first law of thermodynamics is satisfied, otherwise it is
violated. From the plot we can see that there is an intermediate phase of violation of the first law as
stated above. In these thermodynamic studies of the EMSG models we indeed need effective energy
density and effective pressure which we have provided in appendix for the reader’s convenience.
Figure 4. The first law of thermodynamics of the EMDPG model with w = − 1
3
in unit of G versus time.
The initial conditions are m = 2, α1 = α2 = 1, A = 0.1, γ = 0.4, ε = 0.5 and unit values for other constants.
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4.2 Thermodynamics in EMDEG model
In this model, by using the equation (3.6) we have,
fR = g1β1e
β1R (4.33)
and
fT2 = g2β2e
β2T
2
(4.34)
Using the equations (4.33) and (4.3) in the relation (4.4) one can the obtain entropy as follows,
S =
πg1β1
G
r2A exp
(
β1
[
2|2− r˙A|
r2A
])
(4.35)
Then, using the equations (4.7), (4.8) and (4.35) one can obtain the specific heat as,
CV =
2πg1β1
G
|2− r˙A|β1rAr¨A + 4β1r˙A − 2β1r˙
2
A − r˙Ar2A
rAr¨A − r˙2A + 2r˙A
exp
(
β1
[
2|2− r˙A|
r2A
])
(4.36)
As before, we should have CV ≥ 0 for stability. It will be realized if the following conditions are
satisfied simultaneously,
β1rAr¨A + 4β1r˙A − 2β1r˙2A − r˙Ar2A ≥ 0
rAr¨A − r˙2A + 2r˙A ≥ 0 (4.37)
Although, we can also assume both equations as negative valued which yields to the similar result
as the previous model with a change in the range of the parameter ǫ. We can see that the second
condition is the same as previous case and satisfied with the same solution rA ≤ Aeγt + B, where
equality hold for γB = −2 (as before A, B and γ are some constants). Therefore, we consider A
and γ as positive constants, while B = − 2γ as a negative constant. However the first condition is
different from the previous case and we find that both conditions are satisfied with the following
solution,
rA = Ae
γt − 2
γ
+ ǫ (4.38)
where ǫ is a positive constant. Using the constraint of temperature being a positive quantity, we
find the lower bound of this parameter as ǫ ≥ 2γ . Without the loss of generality we can choose
ǫ = 2γ to find,
rA = Ae
γt (4.39)
Using this we find,
T =
|2− γrA|
4πrA
(4.40)
which is a positive quantity. In that case the first condition of (4.37) is reduced to the following
equation,
β1γrA(γrA − 4) + γr3A ≥ 0 (4.41)
It satisfied for infinitesimal β1 or γA ≥ 4. Hence, we choose A = 4γ and consider the following
solution from eqn.4.39,
rA =
4
γ
eγt (4.42)
In that case the specific heat is a completely positive quantity as follows,
CV =
8πg1β1|1 − 2eγt|(β1γ2(eγt − 1) + 4e2γt)e
β1γ
2|1−2eγt|
4e2γt
γ2G
(4.43)
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Figure 5. Specific heat of the EMDEG model in unit of G versus time for γ = g1 = 1.
In the Fig. 5 we can see the typical behavior of specific heat which is completely positive, indicating
that this model is more stable than the previous one.
Therefore, by using the equations (4.2) and (4.42) we can obtain scale factor as,
a(t) = a0e
−
1
4 e
−γt
(4.44)
Then, by using the equation (4.9) we can obtain the deceleration parameter as,
q = −1 + 4eγt (4.45)
Now we use the energy densities and the pressure of matter for the two cases separately.
4.2.1 Case I : w = −1
Using the relation (4.34) in the first solution given by (2.19), confirms the second one as given below
ρ =
1
g2β2e
1
2W [
8
β2g
2
2
]
≡ C02 ≡ C0 (4.46)
where W [y] is the Lambert W function, and hence we have,
p = −C02 ≡ C0 (4.47)
where C02 denotes a constant of the second model. Similar to the previous case, we find that the
first law of thermodynamics is satisfied initially while being violated at the late time. We find that
larger values of γ yields a more stable period. By using the equation (4.13) we can obtain Helmholtz
free energy as following,
F = −2β1e
γt
γ
|2eγt − 1|̺2 − 256πe
3γt
3g1β1γ3̺2
̺21 (4.48)
where ̺2 and ̺21 are defined in appendix. Helmholtz free energy of this model is an increasing
function of time.
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4.2.2 Case II : w = − 13
Using the relation (4.34) in the solution given by (2.20), one can obtain scale factor in terms of
energy density as,
a =
[
ρ3
(
e−
4
3ρg2β2e
4
3
ρ2
)3
eC2
]
−
1
6
(4.49)
which is used to obtain the following redshift,
z =
[
ρ3e−4ρg2β2e
4
3
ρ2+C1
] 1
6
− 1 (4.50)
where C1 and C2 are some integration constants. It yields the following equation for the Hubble
expansion parameter,
H =
1
rA
=
16
(
g2β2ρ(
3
8 + ρ
2)e
4
3ρ
2 − 932
)
ρ˙
9ρ
(4.51)
Hence, we have apparent horizon in terms of ρ and its derivative. In order to have an analytical
relation we consider special cases of the early and the late times.
At the early time, we assume ρ≫ 1 and find,
ρ ≈ 3(γ2 − e
−γt)
8g2β2e
1
2W [−
3(γ2−e
−γt)
8β2
2
g2
2
]
(4.52)
where W [y] is the Lambert W function, and γ2 = C2γ with C2 is an integration constant. It yields
the following Helmholtz free energy,
F = −2β1e
γt
γ
|2eγt − 1|̺2 − 256πe
3γt
3g1β1γ3̺2
̺22 (4.53)
and see appendix for definition of ̺2 and ̺22. On the other hand, at the late time we assume ρ≪ 1
and find,
ρ ≈ C2e 12 e
−γt
(4.54)
It yields the following expression for the Helmholtz free energy,
F = −2β1e
γt
γ
|2eγt − 1|̺2 − 256πe
3γt
3g1β1γ3̺2
̺23 (4.55)
and see appendix for definition of ̺2 and ̺23. In the plots of the Fig. 6 we can see typical behavior
of Helmholtz free energy at the early and the late time. We can see that Helmholtz free energy is
increasing function of time. Regarding the first law of thermodynamics we find similar result with
the previous model. It means that the first law of thermodynamics is satisfied both at the late and
the early times. Analyzing the entropy we see that the second law of thermodynamics is satisfied
too which means that the model entropy (4.35) is an increasing function of time.
4.3 Thermodynamics in EMTPG model
In this model, by using the equation (3.7) we have,
fR = nα1R
n−1 +mα2R
m−1(T 2)l, (4.56)
and
fT2 = lα2R
m(T 2)l−1 (4.57)
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Figure 6. Typical behavior of the Helmholtz free energy of the EMDEG model with w = − 1
3
in unit of G
versus time for g1 = g2 = 1, β1 = β2 = 1, γ = 0.4 and unit value for other constants.
Hence, if we use the equation (4.56) in the entropy expression (4.4) we get,
S =
π
G
r2A
(
nα1
[
2|2− r˙A|
r2A
]n−1
+mα2
[
2|2− r˙A|
r2A
]m−1
((1 + 3w2)ρ2)l
)
. (4.58)
We can see that, unlike the previous models, here the entropy is dependant on the energy density
and hence we need explicit form of the energy density, which is dependant on the cosmological era
(value of w). So we proceed to study the cases as before.
4.3.1 Case I : w = −1
In this case, by using the first solution of (2.19) one can obtain,
ρ =
(
1
4l−1lα2Rm
) 1
2l−1
(4.59)
Therefore, using the equations (4.59) and (4.3) in the equation (4.58) we can write,
S =
π
G
r2A

nα1
[
2|2− r˙A|
r2A
]n−1
+mα2
[
2|2− r˙A|
r2A
] 2l(m−1)−3m+1
2l−1
4l
(
1
4l−1lα2
) 2l
2l−1

 (4.60)
It can be simplified as,
S = r2A
(
N0R
N +M0R
M
)
(4.61)
where N = n − 1, M = 2l(m−1)−3m+12l−1 , N0 = piGnα1 and M0 = piGmα24l
(
1
4l−1lα2
) 2l
2l−1
are
constants. In order to satisfy the second law of thermodynamics we should have
dS
dt
≥ 0 (4.62)
We see that the equation (4.62) is satisfied if we choose,
rA = r01t+
r02
t
(4.63)
where r01 and r02 are arbitrary constants. In this case, suitable values of M and N can yield
a stable model. For example, in the Fig. 7, we can see typical behavior of the specific heat for
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M = N = 2. We find that larger values of these parameters also yield positive specific heat. The
entropy at the early time (t≪ 1) may be written in the following form,
S ≈ X0
t2
(4.64)
where
X0 = N0e
N ln 2 +M0e
M ln 2 (4.65)
is a constant. Moreover the specific heat of the early time (t≪ 1) may be written in the following
form,
CV ≈ X0 + X1
t2
(4.66)
where the constant X0 is given by the equation (4.65) and X1 is a constant depending on the model
parameters. In this model the scale factor is obtained as,
a = a0(r01t
2 + r02)
1
2r01 (4.67)
Then, the deceleration parameter may be given by,
q = −1 + r01 − r02
t2
(4.68)
Figure 7. Specific heat of the EMTPG model with w = −1 in unit of G versus time for M = N = 2 and
unit value of other parameters.
4.3.2 Case II : w = − 13
Using the relation (4.57) in the solution given by (2.20), one can obtain,
z + 1 =
1
a
=
[
ρ3 exp
(
C1 − ρ2l−13(4
3
)llα2R
m
)] 1
6
(4.69)
Motivated by the previous subsection, we assume apparent horizon radius as given by the equation
(4.63). In this case, it is clear that R > 0 as well as T > 0. We know that energy density is a
decreasing function of the cosmic time and hence we assume,
ρ ∝ 1
t
(4.70)
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In that case we are able to study thermodynamics of the model numerically. We will show that this
model is stable and the first law of thermodynamics is satisfied for a suitable choice of n, m and l.
In order to check validity of the first law of thermodynamics we use the equation (4.32). According
to Fig.8 we find that the first law is violated at the early time while satisfied at the late time, if we
choose suitable values for n, m and l. This is represented by the left plot of the Fig. 8.
Figure 8. The first law of thermodynamics of the EMTPG model with w = − 1
3
in unit of G versus time
for α1 = α2 = 1 and unit value for other constants.
Also, our numerical study on the Helmholtz free energy and internal energy indicated that the
thermodynamic potentials have a maximum with negative value (for selected values of l, m and n
which satisfy the first law of thermodynamics) which is a sign of the model stability. We can confirm
this point by analyzing the specific heat. We show in the Fig.9 that the specific heat is positive,
and hence the model may be stable. The specific heat has initially high value, which decays to an
infinitesimal constant value at the late time.
Figure 9. Specific heat of the EMTPG model with w = − 1
3
in unit of G versus time for α1 = α2 = 1 and
unit value for other constants.
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5 Conclusion
In this work we have explored the thermodynamic properties of a black hole in the background
of the energy-momentum-squared gravity. We reviewed the field equations of the EMSG gravity
theory and solved the non-standard continuity equation to get the expression for the energy density
ρ of matter. It is found that the continuity equation is integrable for only two values of the
equation of state w = −1,−1/3. We obtained reasonably non-trivial expression for the energy
density corresponding to w = −1/3 and relatively trivial expressions for w = −1. However we
have conducted our thermodynamic analysis using both the values. Then we selected our model by
considering various forms of coupling between matter and curvature. Two different types of models
were considered based on two different types of coupling between R and T 2, namely minimal and
non-minimal coupling. Various functional forms (power law and exponential) were considered and
different toy models were constructed. Thermodynamic studies were undertaken for each of these
toy models separately and the obtained results were discussed in detail. In the thermodynamic
study, the basic thermodynamic parameters like the entropy, specific heat, Helmholtz free energy,
etc were determined in terms of the apparent horizon radius, rA of the black hole and its time
derivatives. The conditions for the stability of the model have been found using the conditions of
positivity of the specific heat CV and the existence of a local minima in the evolution of Helmholtz
free energy F . Since we have two different expressions of energy density for w = −1/3,−1, we
have performed the thermodynamic analysis for both the cases separately for all the models. This
gives us idea about the thermodynamic properties of black holes in EMSG gravity for different
cosmological eras. We know that w = −1 corresponds to the ΛCDM scenario, whereas w = −1/3
actually represents the thin boundary between the exotic and non-exotic matter. This scenario is
cosmologically really interesting in the sense that it corresponds to the era where the transition from
ordinary matter to dark energy takes place. It is expected that the thermodynamic properties of
the system at this juncture would be really fascinating and may reveal some important information
about the black hole system. In all the three models that we have studied we have seen that by
proper fine tuning of the parameters stability of the model can be achieved. Obviously various
parameters needed to be constrained considerably to attain this. This is obviously because the
laws of thermodynamics had to be fulfilled and the other stability conditions needed to be satisfied,
which was not possible over a large part of the domain. There have been various works where the
model parameters of EMSG were constrained using observational data sets [17, 35]. In this work
we were able to considerably constrain the parameter space from the thermodynamic point of view
of the system. We think that the correct choice of the parameter space could be made by taking
into consideration both these types of analysis, which takes us one step closer towards finding the
correct model. In this regard this work is a significant development to the EMSG theory of gravity.
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6 Appendix
The expressions for effective energy density and pressure of each model is presented below. We
represent it here because these expressions are somewhat large in size and by doing so we preserve
a good presentation of the paper.
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6.1 EMDPG
For w = −1:
ρeff = − ̺11
nα1̺
n−1
1
, (6.1)
where
̺1 =
2γ2|εAγeγt − 2|
(εAγeγt − 2ε)2 , (6.2)
and
̺11 = C01 − α1
2
̺n1 −
4mC2m01 α2
2
− 3Aγ
3nα1e
γt̺n−11
ε(Aγeγt − 2)2
− 3(n− 1)nα1γ̺
n−2
1
ε(Aγeγt − 2)
[
2χAγ4eγt
ε(Aγeγt − 2)2 −
2Aγ2eγt̺1
Aγeγt − 2
]
, (6.3)
where C01 given by the equation (4.23). Also, χ = 0 if t = 0, χ = 1 if t >
ln 2
Aγε
γ , and χ = −1 if
t <
ln 2
Aγε
γ .
peff =
Aγ3eγt
κ2ε(Aγeγt − 2)2 +
C01 − 1κ2 (p11 − (n− 1)nα1p12)
nα1̺
n−1
1
, (6.4)
where
p11 =
α1
2
̺n1 +
4mC2m01 α2
2
+
3(n− 1)nα1γ̺n−21
ε(Aγeγt − 2)
[
2χAγ4eγt
ε(Aγeγt − 2)2 −
2Aγ2eγt̺1
Aγeγt − 2
]
, (6.5)
and
p12 = ̺
n−2
1
(
2̺1Aγ
3eγt
Aγeγt − 2 (
3Aγeγt
Aγeγt − 2 − 1) +
2χAγ5eγt
ε(Aγeγt − 2)(1−
4Aγeγt
ε(Aγeγt − 2)2 )
)
+
n− 2
2
̺n−11
[
2χAγ4eγt
ε(Aγeγt − 2)2 −
2Aγ2eγt̺1
Aγeγt − 2
]
. (6.6)
For w = − 13 :
ρeff = − ̺12
nα1̺
n−1
1
, (6.7)
where ̺1 is given by equation (6.2), while
̺12 =
δ
σ2
(
eγt
Aγeγt − 2
) 1
δ
− α1
2
̺n1 −
α2
2
(
2δeγt
σ2(Aγeγt − 2)
)2m
− 3Aγ
3nα1e
γt̺n−11
ε(Aγeγt − 2)2
− 3(n− 1)nα1γ̺
n−2
1
ε(Aγeγt − 2)
[
2χAγ4eγt
ε(Aγeγt − 2)2 −
2Aγ2eγt̺1
Aγeγt − 2
]
, (6.8)
and
peff =
Aγ3eγt
κ2ε(Aγeγt − 2)2 +
δ
3σ2e
2ε
γ
(Aeγt−2t)
− 1κ2 (p13 − (n− 1)nα1p12)
nα1̺
n−1
1
, (6.9)
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where
p13 =
α1
2
̺n1 +
α2
2
4m
(
δ
σ2e
2ε
γ
(Aeγt−2t)
)2m
+
2(n− 1)nα1γ̺n−21
ε(Aγeγt − 2)
[
2χAγ4eγt
ε(Aγeγt − 2)2 −
2Aγ2eγt̺1
Aγeγt − 2
]
, (6.10)
and p12 given by equation (6.6).
6.2 EMDEG
For w = −1:
ρeff = − ̺21
g1β1̺2
, (6.11)
where
̺2 = e
β1γ
2|4eγt−2|
8e2γt , (6.12)
and
̺21 = C02 − g1
2
̺2 − 1
2
g2e
4β2C
2
02 − 3
4
g1β1γ
2e−γt̺2
− 3
8
g1β
2
1γ
4e−2γt̺2
[
1− |4e
γt−2|
2eγt
]
, (6.13)
where C02 given by the equation (4.46).
peff =
γ2
4κ2
e−γt +
C02 − 1κ2
(
p21 + g1β
2
1̺2p22
)
g1β1̺2
, (6.14)
where
p21 =
1
2
g1β1̺2 +
1
2
g2e
4β2C
2
02 +
1
4
γ4g1β
2
1e
−2γt̺2
[
1− |4e
γt−2|
2eγt
]
, (6.15)
and
p22 =
1
4
β1γ
6e−2γt
[
1− |4e
γt−2|
2eγt
]2
+
γ4
2
|4eγt−2|e−2γt − 3
2
γ4e−γt. (6.16)
For w = − 13 :
Early time:
ρeff = − ̺22
g1β1̺2
, (6.17)
where ̺2 given by (6.12) and
̺22 = − x2g2β2
e
LW(x2)
2
− g1
2
̺2 − 1
2
g2e
4β2x
2
2
e
LW (x2)
− 3
4
g1β1γ
2e−γt̺2
− 3
8
g1β
2
1γ
4e−2γt̺2
[
1− |4e
γt−2|
2eγt
]
, (6.18)
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where LW (x2) is Lambert W function and,
x2 = −3
8
γ − e−γt
g22β
2
2
. (6.19)
peff =
γ2
4κ2
e−γt −
x2g2β2
e
LW (x2)
2
+ 1κ2
(
p23 + g1β
2
1̺2p22
)
g1β1̺2
, (6.20)
where p22 given by (6.16), while
p23 =
1
2
g1β1̺2 +
1
2
g2e
4x22β2
eLW (x2) +
1
4
γ4g1β
2
1e
−2γt̺2
[
1− |4e
γt−2|
2eγt
]
. (6.21)
Late time:
ρeff = − ̺23
g1β1̺2
, (6.22)
where ̺2 given by (6.12) and
̺23 = c23e
e−γt
2 − g1
2
̺2 − 1
2
g2e
4β2x
2
2
e
LW (x2)
− 3
4
g1β1γ
2e−γt̺2
− 3
8
g1β
2
1γ
4e−2γt̺2
[
1− |4e
γt−2|
2eγt
]
, (6.23)
where c23 is an integration constant.
peff =
γ2
4κ2
e−γt +
c23
e−γt
2 − 1κ2
(
p24 + g1β
2
1̺2p22
)
g1β1̺2
, (6.24)
where p22 given by (6.16), while
p24 =
1
2
g1β1̺2 +
1
2
g2 exp
(
4β2c
2
23e
e−γt
)
+
1
4
γ4g1β
2
1e
−2γt̺2
[
1− |4e
γt−2|
2eγt
]
. (6.25)
Finally, effective energy density and pressure of EMTPG model obtained in a similar way.
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